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Abstrat
The redued SL(2,R) WZW quantum mehanis is analysed within the framework
of geometri quantization. The spetrum of the Hamiltonian is determined, and it is
found, that in ontrast to previous approahes, there is a unique, physially preferred
quantisation of the system.
The global aspets of the WZW→Toda redution, [1℄, were analysed in [2℄ at the lassial level.
As a toy example the authors also onsidered the redution of the system of a free partile
moving on the SL(2,R) group manifold. The problem of how to quantize this redued system
was addressed in [3, 4℄. Both found inequivalent quantisations labelled by one or two real
parameters. In this letter, using the method of geometri quantisation, we argue that there is
a unique quantisation of the problem.
After reminding the known fats about the dynamis of a free partile moving on the
SL(2,R) group we impose the Liouville type onstraints. The redued system is quantised
geometrially and the spetrum of the Hamiltonian is determined. Finally we ompare the
results obtained to those of [3, 4℄ and omment on the dierenes.
Consider a free partile moving on the group SL(2,R). The dynamis is governed by the
Lagrangian:
L(g, g˙) =
1
2
Tr(g−1g˙g−1g˙).
It is invariant under the transformations g → gleftgg−1right, for whih the Noether urrents
are J := Jleft = g˙g
−1
and J˜ := Jright = −g−1g˙ = −g−1Jg. The equation of motion is the
onservation of the urrent: J˙ = 0, with the geodetial motions as solutions.
In desribing the dynamis at the Hamiltonian level we use the veloity phase spae M =
TG = G×G oordinatised by g and J ∈ G . The sympleti form is Ω = dθL = dTr(Jdgg−1) as
in [5℄, where θL =
∑
i
∂L
∂qi
dqi is the sympleti potential determined by the Lagrangian as usual.
Clearly the sympleti potential is not unique. Due to the nontrivial topology of the phase
spae M = (S1 ×R2)×R3 we ould have dierent hoies for θ orresponding to the various
ohomology elements labelled by R . Note however, that the only sympleti potential whih
is invariant under the full symmetry group is the one that orresponds to the Lagrangian,
i.e. θL. (To see that no other invariant sympleti potential exists observe, that thanks to
1
the struture of the phase spae the nontrivial elements of the ohomology group orrespond
to the nontrivial ohomology lass of the group itself. On the group however there exist no
nontrivial left and right invariant one-form). The Hamiltonian H = 1
2
Tr(J2) generates the
dynamis: J˙ = 0, g˙ = Jg .
The global Liouville system an be obtained by Hamiltonian redution. One xes ertain
omponents of the onserved urrents:
J =
(
J0 J+
1 −J0
)
; J˜ =
(
J˜0 1
J˜− −J˜0
)
.
The projeted sympleti form is degenerate, the onstraints are rst lass. Sine the gauge
transformations are nothing but the symmetry transformations generated by the stritly upper
and stritly lower diagonal matries the Hamiltonian and the sympleti potential are gauge
invariant. The redued system an be obtained via gauge xing:
Jgf =
(
0 J+
1 0
)
; J˜gf =
(
0 1
J+ 0
)
; g =
( −J+g22 −g21
g21 g22
)
.
The parameters g21, g22, J+ are not independent, we have the ondition:
g221 − J+g222 = 1. (1)
These mean that the redued phase spae is a regular hypersurfae of R
3
determined by (1).
Topologially it is S1 ×R and has the sympleti potential:
θ = −2J+g22dg21 + g21g22dJ+ + 2J+g21dg22. (2)
Let us emphasize one more that it is possible to hange the ohomology lass of θ without
aeting the sympleti struture. This altered sympleti potential however, does not orre-
spond to the original θL, i.e. to the Lagrangian, so it desribes a physially dierent system
as we will see at the quantum level.
It was shown in [8℄, that the redued phase spae is in fat sympletomorphi to T ∗S1, but
the Hamiltonian is very ompliated: H = sin−2 ϕ(cos2 ϕ− exp(pϕ sin2 ϕ)), so this desription
is not useful in quantising the system. The Hamiltonian in our language however is very
simple:
H =
1
2
Tr(J2gf ) = J+.
The solutions of the equations of motion an be read o from eq. (1), they are the urves
with onstant energies. They are ellipsis for negative energies, lines for zero energy and
hyperbolas for positive energies. We adopt a oordinate system to respet these urves, that
is, one of the parameters is the energy, while the other one parametrizes the orbit. The phase
spae an be overed by four neighbourhoods as:
M±< = {H < 0, ±g21 > −ǫ} ; M±> = {H > −ǫ, ±g21 > 1− ǫ},
where ǫ is a small positive parameter less than 1/2. From now on in the expression ±, +, (−)
will refer to the part where g21 > 0, (< 0), respetively. For negative energies we parametrize
the phase spae as:
g21 = ± cos(
√−Ht) , g22 =
√−H−1 sin(√−Ht) ; −π
2
− δ(ǫ) < √−Ht < π
2
+ δ(ǫ),
2
while for positive energies as:
g21 = ± cosh(
√
Ht) g22 = ±
√
H
−1
sinh(
√
Ht) ; −∞ < t <∞.
The sympleti potential and the sympleti form in both regimes are:
θ = 2Hdt+ tdH ; Ω = dH ∧ dt.
Although this parametrization overs the whole phase spae with a smooth limit forH → 0 the
orret desription is to restrit them into the neighbourhoods dened above. The Hamiltonian
vetor eld of the Hamiltonian,H , is dened in the usual way, Ω(XH , ·)+dH = 0 , it is simply
XH =
∂
∂t
.
In quantising the theory we use the method of geometri quantization [6, 7℄. It ontains
two steps. In the rst, alled the prequantization, one onstruts a hermitian line bundle over
the phase spae with urvature h¯−1Ω, (with onnetion one-form h¯−1θ). For eah lassial
observable, f , a symmetri operator, fˆ = −ih¯∇Xf + f , is assigned, whih ats on the square
integrable setions of the bundle (pre-quantum wave funtions). This operator is self-adjoint if
the Hamiltonian ow of f is omplete. Pre-quantum wave funtions, however depend on both
oordinates, whih is not aeptable from an adequate quantum theory. To avoid this in the
seond step a polarization is hosen and the Hilbert spae is restrited to be built up from the
square integrable polarized setions. Aordingly only those funtions are quantisable, whose
Hamiltonian ow preserves the polarization.
The rst step in quantizing the theory is easy. Sine the sympleti form is exat the
line bundle exists and is also trivial. It is not unique however, the inequivalent hoies are
haraterised by the holonomy of the onnetion and are parametrized by the unit irle.
Similar situation appears in the ase of non simply-onneted onguration spae, like
in the Bohm-Aharonov eet. There one is faed to the fat that although at the lassial
level the system is determined by the equation of motion, whih an be derived from various
Lagrangians, at the quantum level the Lagrangian itself denes the theory, sine it ontains
the vetor potential expliitly. Dierent Lagrangians  dierent vetorpotentials  with the
same lassial theories desribe dierent, physially not equivalent quantum systems.
Conretising to our ase we have to use the globally dened sympleti potential (2), whih
orresponds to the original Lagrangian. Chosen a global setion s0 the onnetion is dened
by:
∇s0 = −ih¯−1θs0 ; ∇s = (d− ih¯−1θ)s.
Sine θ is real s0 an be normalized as (s0,s0) = 1. Now eah setion an be written in the form
s = ψs0 , where ψ is a funtion on the phase spae, i.e. the Hilbert spae of the prequantized
theory onsists of the square integrable funtions (for the integration measure h−1Ω). The
operator we are interested in is the Hamiltonian. It ats on the setions as:
Hˆs = (−ih¯∇XH +H)s.
In order to make orrespondene with the usual language of quantum mehanis we remind,
that
∇XHs = ∇XHψs0 = (XHψ − ih¯−1θ(XH)ψ)s0 = (
∂ψ
∂t
− ih¯−12Hψ)s0
The seond part of the geometri quantisation is muh more deliate. Firts of all we have
to hoose a polarization, a Lagrangian integrable distribution, for whih the Hamiltonian is
3
quantisible, i.e. whih is preserved by the ow of the Hamiltonian. The most natural hoie
orresponds toXH , that is the polarization given by P = { ∂∂t}. It is not a reduible polarization
in the sense of [6℄, sine the spae of leaves is not a Hausdor topologial spae. The leaves
orresponding to the free motions, H = 0, do not have disjoint neighbourhoods, they are
onneted via the negative energy part of the phase spae. It is not a problem however, sine
for negative energies the leaves are ompat and, as we will see soon, no nonzero smooth
ovariantly onstant setion exists.
The polarized setions, ∇XHs = 0 , have the form e2iHh¯
−1tψ(H)s0 . The pairing of two
polarized setions are onstant along the leaves, (t = const. surfaes), so if the leaves are
not ompat then the integral over them is innite, whih is unaeptable. Clearly what we
need is to integrate over the redued spae M/P only, but there is no natural measure on this
spae. This problem is solved in the framework of geometri quantization by hanging the
geometri harater of the wave funtions: they are the square integrable polarized setions
of the modied bundle B ⊗ δP , where δP is the half-form bundle. This modiation not
only ensures that the pairing of two wave funtions gives densities on the spae of leaves
but also restore the orret relationship between the quantizations orresponding to dierent
polarizations.
Taking a look on the polarized setions we an see that for ompat leaves ovariantly
onstant setions exist only for ertain disrete values of the energy, onsequently they annot
be smooth. The proper desription is to deal with distributional wave funtions in this domain,
see [7℄ for the details. The supports of these funtions, the so alled Bohr-Sommerfeld (BS)
varieties, are determined by the ondition that the holonomy of the onnetion for the integral
manifolds of the polarization to be trivial:∮
γ
θ = −2√−H2π = 2πh¯(nγ + dγ) ; nγ ∈ Z,
where dγ =
1
2
is the holonomy orresponding to the bundle δP as a onsequene of the meta-
pleti orretion. (In dening the square root δP of the anonial bundle KP we have to take
into aount that not the sympleti, rather its double over, the metapleti group ats on
it). For eah BS variety a normalized setion is assoiated, whih is the eigenfuntion of the
energy operator with the eigenvalue:
Hn = − h¯
2
4
(n+
1
2
)2
(This result an be understood also by introduing the new variables ω = 2
√−H,ϕ = √−Ht
on the negative energy part of the phase spae. Then it is easy to see that this part of the
phase spae is the same as the phase spae of the harmoni osillator parametrized by its
energy ω and by the usual angle ϕ ).
The positive part of the spetrum is doubly degenerate and ontinuous.
The whole Hilbert spae an be built up from the energy eigenfuntions as follows. It
onsists of the square integrable funtions Ψ±(H), H ≥ 0 and the square summable sequene
of numbers Ψn . The inner produt of two elemenst of the Hilbert spae, Ψ and Φ is given by:
〈Ψ,Φ〉 =
∫
∞
0
dHΨ∗+(H)Φ+(H) +
∫
∞
0
dHΨ∗
−
(H)Φ−(H) +
∞∑
n=0
Ψ∗nΦn.
Summarizing we quantized the system in the framework of geometri quantization and
found a unique disrete spetrum for negative energies and a ontinous doubly degenerate
4
spetrum for nonnegative energies. Comparing the result with that of [3, 4℄ we an say that
our result is dierent from those: we have a unique quantization. The appearane of their
parameters is due to the fat that they hose a bad parametrization for the phase spae in
whih the lines g22 = 0 had to be removed. Sine every motion intersets at least one of
those lines the ow of the Hamiltonian is not omplete, that is the assoiated operator is not
self-adjoint. Finding the possible self-adjoint extensions they arrived at the models, whih
in our language an be desribed by dierent sympleti potentials. (The holonomy of the
various sympleti potentials are parametrized by a unit modulus number whih appears also
in the spetrum of the energy). We have seen however that there is one physially preered
amoung them the one whih orresponds to the Lagrangean.
The authors thank to L. Fehér for the reading of the manusript and for taking our attantion
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